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LOCAL STRUCTURE OF BRILL-NOETHER STRATA
IN THE MODULI SPACE OF FLAT STABLE BUNDLES
ELENA MARTINENGO
Abstract. We study the Brill-Noether stratification of the coarse moduli space of
locally free stable and flat sheaves of a compact Ka¨hler manifold, proving that these
strata have quadratic algebraic singularities.
1. Introduction
Let X be a compact complex Ka¨hler manifold of dimension n. Let M be the moduli
space of locally free sheaves of OX -modules on X which are stable and flat. It is known
that a coarse moduli space of these sheaves can be constructed and that it is a complex
analytic space (see [Nor] or [LePoi] for the algebraic case). Moreover the following result,
proved in [N] and [G-M88], determines the type of singularities of this moduli space:
Theorem 1.1. The moduli space M has quadratic algebraic singularities.
In his article [N], Nadel constructs explicitly the Kuranishi family of deformations of
a stable and flat locally free sheaf of OX -modules E on X and he proves that the base
space of this family has quadratic algebraic singularities. Whereas the proof given by
Goldman and Millson in [G-M88] is based on the study of a germ of analytic space which
prorepresents the functor of infinitesimal deformations of a sheaf E . They find out this
analytic germ and prove that it has quadratic algebraic singularities.
This paper is devoted to the local study of the strata of the Brill-Noether stratification
of the moduli space M and in particular, in the same spirit as Theorem 1.1, to the
determination of their type of singularities.
In section 2 we study an equivalence relation between germs of analytic spaces under
which they are said to have the same type of singularities. We prove that this relation is
formal (Proposition 2.14) and that the set of germs with quadratic algebraic singularities
is closed under this relation (Theorem 2.16).
In section 3 we introduce the Brill-Noether stratification of the moduli space M, we
are interested in. The subsets of this stratification are defined in the following way. We
fix integers hi ∈ N, for all i = 0 . . . n, and we consider the subspace N (h0 . . . hn) ⊂ M
of stable and flat locally free sheaves of OX -modules on X, with cohomology spaces
dimensions fixed: dimH i = hi, for all i = 0 . . . n. Our aim is to study the local structure
of these strata N (h0 . . . hn), proving the following
Theorem 1.2 (Main Theorem). The Brill-Noether strata N (h0 . . . hn) have quadratic
algebraic singularities.
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In sections 3 and 4, we define and study the functor Def0E of infinitesimal deformations
of a stable and flat locally free sheaf of OX-modules E on X, such that H
i(X, E) = hi
for all i = 0 . . . n, which preserve the dimensions of cohomology spaces.
In section 5, we find out an other functor linked to Def0E by smooth morphisms and for
which it is easy to find a germ which prorepresents it. Then the Main Theorem follows
from the formal property of the relation of have the same type of singularities and from
the closure of the set of germs with quadratic algebraic singularities with respect to this
relation.
2. Singularity type
Let An be the category of analytic algebras and let Aˆn be the category of complete
analytic algebras. We recall that an analytic algebra is a C-algebra which can be written
in the form C{x1 . . . xn}/I and a morphism of analytic algebras is a local homomorphism
of C-algebras.
Definition 2.1. A homomorphism of rings ψ : R→ S is called formally smooth if, for
every exact sequence of local artinian R-algebras: 0 → I → B → A → 0, such that I is
annihilated by the maximal ideal of B, the induced map HomR(S,B) → HomR(S,A) is
surjective.
We recall some facts about formally smooth morphisms of analytic algebras, which we
use in this section. We start with the following equivalence of conditions (see [Ser],
Proposition C.50):
Proposition 2.2. Let ψ : R → S be a local homomorphism of local noetherian C-
algebras conteining a field isomorphic to their residue field C. Then the following con-
ditions are equivalent:
- ψ is formally smooth,
- Sˆ is isomorphic to a formal power series ring over Rˆ,
- the homomorphism ψˆ : Rˆ→ Sˆ induced by ψ is formally smooth.
Furthermore, we recall two Artin’s important results (see [A], Theorem 1.5a and Corol-
lary 1.6):
Theorem 2.3. Let R and S be analytic algebras and let Rˆ and Sˆ be their comple-
tions. Let ψ¯ : R → Sˆ be a morphism of analytic algebras, then, for all n ∈ N, there
exists a morphism of analytic algebras ψn : R → S, such that the following diagram is
commutative:
R
ψn //
Id
S
pin // S/mnS
Id
R
ψ¯ // Sˆ
pin // S/mnS .
Corollary 2.4. With the notation of Theorem 2.3, if in addition ψ¯ induces an isomor-
phims ˆ¯ψ : Rˆ→ Sˆ, then ψn is an isomorphism, provided n ≥ 2.
Using these results, we can prove the following
Proposition 2.5. Let R and S be analytic algebras and let Rˆ and Sˆ be their completions.
Let ψˆ : Rˆ→ Sˆ be a smooth morphism, then there exists a smooth morphism R→ S.
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Proof. By Thereom 2.2, there exists an isomorphism φˆ : Rˆ[[x]] → Sˆ, Corollary 2.4
implies that there exists an isomorphism φ : R{x} → S, which is obviously smooth by
Theorem 2.2. Thus the morphism φ ◦ i : R →֒ R{x} → S is smooth. 
To complete our study of analytic algebras, we prove the following
Proposition 2.6. Let R and S be analytic algebras, such that
- dimCmR/m
2
R = dimCmS/m
2
S and
- R{z1, . . . , zN} ∼= S{z1, . . . , zM}, for some N and M ,
then R and S are isomorphic.
Proof. The first hypothesis implies that, in the isomorphismR{z1, . . . , zN} ∼= S{z1, . . . , zM},
N =M . Moreover, proving the proposition by induction onN , the first hypothesis makes
the inductive step trivial. Thus it is sufficient to prove the proposition for N = 1.
Let R = C{x1, . . . , xn}/I and S = C{y1, . . . , ym}/J be analytic algebras, with I ⊂
(x1, . . . , xn)
2 and J ⊂ (y1, . . . , ym)
2. Let φ : C{x}{z}/I → C{y}{z}/J be an isomor-
phism and let ψ its inverse. Let φ(z) = αz + β(y) + γ(y, z) and let ψ(z) = az + b(x) +
c(x, z), where α, a ∈ C are costants, β, γ, b and c are polynomial, γ and c do not contain
degree one terms and, with a linear change of variables, we can suppose that φ and ψ
do not contain constant term.
If at least one between α and a is different from zero, then the thesis follows easly. For
example, if α 6= 0, the image φ(z) satisfies the hypothesis of Weierstrass Preparation
Theorem and so it can be written as φ(z) = (z + h(y)) · u(y, z), where u is a unit and
h(y) is a polynomial. Then φ is well defined and induces an isomorphism on quotients:
φ : C{x}/I → C{y}{z}/J · (z + h(y)) ∼= C{y}/J .
Let’s now analyse the case α = a = 0. Let ν : C{x}{z}/I → C{x}{z}/I be a homomor-
phism defined by ν(xi) = xi, for all i, and ν(z) = z+b(x). It is obviously an isomorphims
and the composition φ ◦ ν is an isomorphims from C{x}{z}/I to C{y}{z}/J , such that
φ ◦ ν(z) contains a linear term in z, thus, passing to the quotient, it induces an isomor-
phism C{x}/I ∼= C{y}/J . 
Now we consider the following relation between analytic algebras:
R ∝ S iff ∃ R −→ S formally smooth morphism,
let ∼ be the equivalence relation between analytic algebras generated by ∝. We define
an other equivalence relation:
R ≈ S iff R{x1 . . . xn} ∼= S{y1 . . . ym} are isomorphic, for some n and m.
The relation ≈ is the same as the relation ∼. Infact, if R ∼ S, there exists a chain of
formally smooth morphisms R→ T1 ← T2 → . . .→ Tn ← S, that, by Theorem 2.2 and
Corollary 2.4, gives an isomorphism R{x} ∼= S{y}, then R ≈ S. Viceversa, if R ≈ S,
there exists an isomorphism R{x} ∼= S{y} which is formally smooth, thus we have the
chain of formally smooth morphisms R→ R{x} → S{x} ← S and R ∼ S.
We consider the following relation between complete analytic algebras:
Rˆ ∝ Sˆ iff ∃ Rˆ→ Sˆ formally smooth morphism,
let ∼ be the equivalence relation between analytic algebras generated by ∝. We define
an other equivalence relation:
Rˆ ≡ Sˆ iff Rˆ[[x1 . . . xn]] ∼= Sˆ[[x1 . . . xm]] are isomorphic, for some n and m.
As before, the relation ≡ is the same as the relation ∼. Furthermore, the equivalence
relation ∼ on completions of analytic algebras coincides with the relation ∼ between
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the analytic algebras themselves, because obviously the two relations ≡ and ≈ are the
same.
The opposite category of the category of analytic algebras Ano is called the category
of germs of analytic spaces. The geometrical meaning of this definition is that a germ
Ao can be represented by (X,x, α), where X is a complex space with a distinguished
point x and α is a fixed isomorphism of C-algebras OX,x ∼= A. Two triples, (X,x, α)
and (Y, y, β), are equivalent if there exists an isomorphism from a neighborhood of x in
X to a neighborhood of y in Y which sends x in y and which induces an isomorphism
OX,x ∼= OY,y.
Let (X,x) and (Y, y) be germs of analytic spaces, given by the analytic algebras S
and R respectively, let Ψ : (X,x) → (Y, y) be a morphism of germs of analytic spaces
and let ψ : R→ S be the corresponding morphism of analytic algebras.
Definition 2.7. The morphism Ψ : (X,x) → (Y, y) is called smooth if the morphism
ψ : R→ S is formally smooth.
We consider the following relation between germs of analytic spaces:
(X,x) ∝ (Y, y) iff ∃ (X,x) −→ (Y, y) smooth morphism
and we define ∼ to be the equivalence relation between germs of analytic spaces gen-
erated by the relation ∝. It is obvious that the relation ∼ defined between germs of
analytic spaces is the same as the relation ∼ defined between their corresponding ana-
lytic algebras. As in [V], we give the following
Definition 2.8. The analytic spaces (X,x) and (Y, y) are said to have the same type
of singularities if they are equivalent under the relation ∼.
Our aim is to prove that the property that two germs of analytic spaces have the same
type of singularities is formal, that is that it can be controlled at the level of functors.
In all this paper we consider covariant functors F : ArtC → Set from the category of
local artinian C-algebras with residue field C to the category of sets, such that F(C) =
one point set. The functors of this type are called functors of Artin rings. In the following
we recall some basic notions about these functors.
Let F be a functor of Artin rings. The tangent space to F is the set F(C[ǫ]), where
C[ǫ] is the local artinian C-algebra of dual numbers, i.e. C[ǫ] = C[x]/(x2) . It can be
proved that F(C[ǫ]) has a structure of C-vector space (see [S], Lemma 2.10).
An ostruction theory (V, ve) for F is the data of a C-vector space V , called obstruction
space, and, for every exact sequence in the category ArtC:
e : 0 −→ I −→ B −→ A −→ 0,
such that I is annihilated by the maximal ideal of B, a map ve : F(A)→ V ⊗C I called
obstruction map. The data (V, ve) have to satisfy the following conditions:
- if ξ ∈ F(A) can be lifted to F(B), then ve(ξ) = 0,
- (base change) for every morphism f : e1 → e2 of small extensions, i.e. for every
commutative diagram
e1 : 0 // I1
fI

// B1
fB

// A1
fA

// 0
e2 : 0 // I2 // B2 // A2 // 0
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then ve2(fA(ξ)) = (IdV ⊗fI)(ve1(ξ)), for every ξ ∈ F(A1).
An obstruction theory (V, ve) for F is called complete if the converse of the first item
above holds, i.e. the lifting of xi ∈ F(A) to F(B) exists if and only if the obstruction
ve(ξ) vanishes.
For morphisms of functors we have the following notion of smoothness:
Definition 2.9. Let ν : F → G be a morphism of functors, it is said to be smooth
if, for every surjective homomorphism B → A in the category ArtC, the induced map
F(B)→ G(B)×G(A) F(A) is surjective.
Let F be a functor of Artin rings, a couple for F is a pair (A, ξ), where A ∈ ArtC and
ξ ∈ F(A). A couple (A, ξ) for F induces an obvious morphism of functors, Hom(A,−)→
F , which associates, to every B ∈ ArtC and φ ∈ Hom(A,B), the element φ(ξ) ∈ F(B).
We can extend the functor F to the category ÂrtC of local artinian complete C-algebras
with residue field C by the formula F̂(A) = lim
←
F(A/mn). A procouple for F is a pair
(A, ξ), where A ∈ ÂrtC and ξ ∈ F̂(A). It induces an obvious morphism of functors:
Hom(A,−)→ F .
Definition 2.10. A procouple (A, ξ) for a functor F is called a prorepresentable hull
of F , or just a hull of F , if the induced morphism Hom(A,−) → F is smooth and the
induced map between tangent spaces Hom(A,C[ǫ])→ F(C[ǫ]) is bijective.
A functor F is called prorepresentable by the procouple (A, ξ) if the induced morphism
Hom(A,−)→ F is an isomorphism of functors.
The existence, for a functor of Artin rings F , of a procouple which is a hull of it
or which prorepresents it is regulated by the well known Schlessinger conditions (see
[S], Theorem 2.11). Moreover a functor which satisfies the two of the Schlessinger’s
conditions (H1) and (H2) is said to have a good deformation theory. We do not precise
this concept, because all functors that apper in the following are functors with a good
deformation theory and all the ones involved in the proof of the Main Theorem have
hull.
With above notions, we can state the following Standard Smoothness Criterion (see
[Man99], Proposition 2.17):
Theorem 2.11. Let ν : F → G be a morphism of functors with a good deformation
theory. Let (V, ve) and (W,we) be two obstruction theories for F and G respectively. If:
- (V, ve) is a complete obstruction theory,
- ν is injective between obstructions,
- ν is surjective between tangent spaces,
then ν is smooth.
For morphisms between Hom functors the following proposition holds (see [S], Proposi-
tion 2.5):
Proposition 2.12. Let ψˆ : Rˆ→ Sˆ be a local homomorphism of local noetherian complete
C-algebras, let φˆ : Hom(Sˆ,−)→ Hom(Rˆ,−) be the morphism of functors induced by ψˆ.
Then φˆ is smooth if and only if Sˆ is isomorphic to a formal power series ring over Rˆ.
We consider the following relation between functors:
F ∝ G iff ∃ F −→ G smooth morphism
and we define ∼ to be the equivalence relation generated by ∝.
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Definition 2.13. The functors F and G are said to have the same type of singularity
if they are equivalent under the relation ∼.
Now we want to link Definitions 2.8 and 2.13 in the case the functors considered have
hulls. Let F and G be two functors with hulls, given by the germs of analytic spaces (X,x)
and (Y, y), defined by the analytic algebras S and R respectively. If (X,x) ∼ (Y, y), or
equivalently, if R ∼ S, there exists a chain of smooth morphisms of analytic algebras
S ← T1 → T2 ← . . . → R that induces a chain of smooth morphisms of functors
F ← Hom(Sˆ,−)→ Hom(Tˆ1,−)← Hom(Tˆ2,−) . . .Hom(Rˆ,−)→ G, by Propositions 2.2
and 2.12 and by Definition of hull, thus F ∼ G. For the other implication we need the
following
Proposition 2.14. Let F and G be two functors with hulls given by the germs of analytic
spaces (X,x) and (Y, y) respectively and let φ : F → G be a smooth morphism. Then
there exists a smooth morphism between the two germs (X,x) and (Y, y).
Proof. Let S and R be the analytic algebras that define the germ (X,x = 0) and
(Y, y = 0) respectively. By hypothesis, we have the following diagram:
F
φ // G
Hom(Sˆ,−)
α
OO
φˆ //___ Hom(Rˆ,−)
β
OO
where, by definition of hull, α and β are smooth morphism and they are bijective on tan-
gent spaces. Then, by smoothness, there exists a morphism φˆ : Hom(Sˆ,−)→ Hom(Rˆ,−)
that makes the diagram commutative. By hypothesis on α, β and φ, it is surjective on
tangent spaces and it is injective on obstruction spaces. Thus φˆ is a smooth morphism,
by the Standard Smoothness Criterion (Theorem 2.11).
The morphism φˆ determines uniquely an homomorphism ψˆ : Rˆ → Sˆ, which is formally
smooth, by Propositions 2.2 and 2.12. Now, by Proposition 2.5, there exists a formally
smooth morphism ψ : R→ S and so a smooth morphism between the germs (X,x) and
(Y, y). 
Now, if F ∼ G, there exists a chain of smooth morphisms of functors F ← H1 →H2 ←
. . .→ G. ThenHi necessary have hulls, we indicate with Ti the complete analytic algebra
that is an hull for Hi. By Proposition 2.14, the chain of smooth morphisms of functors
gives a chain of smooth morphisms of complete analytic algebras Sˆ → T1 ← T2 → . . .←
Rˆ, thus Sˆ ≡ Rˆ, so, as we have observed, S ∼ R and (X,x) ∼ (Y, y).
Now we return to germs of analytic spaces and we concentrate our interests on quadratic
algebraic singularities.
Definition 2.15. Let X be a complex affine scheme, it is said to have quadratic alge-
braic singularities if it is defined by finitely many quadratic homogeneous polynomials.
Let X be an analytic space, it is said to have quadratic algebraic singularities if it is
locally isomorphic to complex affine schemes with quadratic algebraic singularities.
For germs of analytic spaces we want to prove the following
Theorem 2.16. Let (X, 0) and (Y, 0) be two germs of analytic spaces and let φ :
(X, 0) −→ (Y, 0) be a smooth morphism. Then (X, 0) has quadratic algebraic singu-
larities if and only if (Y, 0) has quadratic algebraic singularities.
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We need the following
Lemma 2.17. Let (X, 0) and (Y, 0) be two germs of analytic spaces and let φ : (X, 0) −→
(Y, 0) be a smooth morphism. Let X ⊂ CN and let H = {x ∈ CN | h(x) = 0} be an
hypersurface of CN , such that:
- dh(0) 6= 0
- TH 6⊃ Tφ−1(0),
then: φ|X∩H : (X ∩H, 0) −→ (Y, 0) is a smooth morphism.
Proof. Let (X, 0) and (Y, 0) be defined by C{x1, . . . , xn}/I and C{y1, . . . , ym}/J respec-
tively. Since φ is smooth,OX,0 is a power series ring over OY,0, i.e. OX,0 ∼= OY,0{t1, . . . , ts},
for some s.
Let X ′ = X ∩H be the intersection, then OX′,0 ∼= OX,0/(h). If g corresponds to h by
the isomorphism OX,0 ∼= OY,0{t1, . . . , ts}, then OX′,0 ∼= OY,0{t1, . . . , ts}/(g).
The hypothesis dh(0) 6= 0 becomes dg(0) 6= 0, that implies that there exists an inde-
terminate between yi and ti, such that the partial derivative of g with respect to this
indeterminate calculated in zero is not zero. Moreover, the hypothesis TH 6⊃ Tφ−1(0)
implies that this indeterminate must be one of the ti, for example ti.
Thus, using the Implicit Function Theorem, we obtain OX′,0 ∼= OY,0{t1, . . . , ts}/(g) ∼=
OY,0{t1, . . . , t̂i, . . . , ts} and φ|X′ is a smooth morphism. 
Now we can prove Theorem 2.16:
Proof. We start by assuming that (Y, 0) has quadratic algebraic singularities, so (Y, 0)
is defined by the analytic algebra C{y1, . . . , ym}/J , where J is an ideal generated by qua-
dratic polynomials. Since φ is smooth, we haveOX,0 ∼= OY,0{t1, . . . , ts} ∼= C{y1, . . . , ym}{t1, . . . , ts}/J ,
for some s, and X has quadratic algebraic singularities.
Now we prove the other implication. Let C{x1, . . . , xn}/I and C{y1, . . . , ym}/J be
the analytic algebras, that define the germs (X, 0) and (Y, 0) respectively, where I is an
ideal generated by quadratic polynomials. We can assume that φ is not an isomorphism,
otherwise the theorem is trivial. Since φ is smooth, OX,0 ∼= OY,0{t1, . . . , ts}, for some
s > 0.
Now we can intersect X ⊂ CNx with hyperplanes h1, . . . , hs of C
N
x , which correspond,
by the isomorphism OX,0 ∼= OY,0{t1, . . . , ts}, to the hyperplanes of equations t1 =
0, . . . , ts = 0 of C
m+s
y,t and we call the intersection X
′. Then (X ′, 0) has quadratic
algebraic singularities. Moreover, by lemma 2.17, φ restricted to (X ′, 0) is a smooth mor-
phism and it is bijective becauseOX′,0 ∼= OX,0/(h1, . . . , hs) ∼= OY,0{t1, . . . , ts}/(t1, . . . , ts) ∼=
OY,0. Thus (Y, 0) has quadratic algebraic singularities. 
This theorem assures that the set of germs of analytic spaces with quadratic algebraic
singularities is closed under the relation ∼ and so it is a union of equivalent classes under
this relation. Moreover we know that the relation ∼ defined between functors with hulls
is the same as the relation ∼ defined between their germs. Thus is natural to introduce
the following definition for functors:
Definition 2.18. Let F be a functor with hull the germ of analytic space (X,x). It is said
to have quadratic algebraic singularities if (X,x) has quadratic algebraic singularities.
This definition is indipendent by the choice of the germ of analytic space which is a hull
of F , because the isomorphisms class of a hull is uniquely determined.
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3. Brill-Noether stratification of M
Let X be a compact complex Ka¨hler manifold of dimension n and let M be the
moduli space of locally free sheaves of OX -modules on X which are stable and flat. In
the first part of this section we concentrate our interests to the study of subspaces of
the moduli space M, defined globally as sets in the following way:
Definition 3.1. Let hi ∈ N be fixed integers, for all i = 0 . . . n, we define:
N (h0 . . . hn) = {E
′ ∈ M | dimH i(X, E ′) = hi}.
It is obvious that, for a generic choice of the integers hi ∈ N, the subspaceN (h0 . . . hn)
is empty, from now on we fix our attention on non empty ones.
Let E ∈ M be one fixed stable and flat locally free sheaf of OX-modules on X
and let hi = dimH
i(X, E). Let U → M × X be the universal Kuranishi family of
deformations of E , parametrized by the germ of analytic space M , which is isomorphic
to a neighbourhood of E in M (see [N] for the construction). Let ν : M ×X → M be
projection, thus, for all E ′ ∈M , we have ν−1(E ′) ∼= X and U|ν−1(E ′) = U|E ′ ∼= E
′.
Now let’s define the germ of the strata N (h0 . . . hn) at its point E . Since, for all
i = 0 . . . n, the function E ′ ∈ M → dimH i(X, E ′) ∈ N is upper semicontinuos, for
Semicontinuity Theorem (see [Hart], Theorem 12.8, ch.III), the set Ui = {E
′ ∈ M |
dimH i(X, E ′) ≤ hi} and the intersection U =
⋂
i=0...n Ui = {E
′ ∈ M | dimH i(X, E ′) ≤
hi, for i = 0 . . . n} are open subsets of M.
For all i = 0 . . . n, let Ni(E) = V (Fhi−1(R
iν∗U)) = {E
′ ∈M | dimRiν∗U ⊗OM k(E
′) >
hi − 1} be the closed subschemes of M defined by the sheaf of ideals Fhi−1(R
iν∗U),
which is the sheaf of (hi − 1)-th Fitting ideals of the sheaf of OM -modules R
iν∗U . Let
N(E) =
⋂
i=0...nNi(E) be the closed subscheme of M given by the intersection of the
previous ones.
Definition 3.2. The germ of the strata N (h0 . . . hn) at its point E is given by:
U ∩N(E) = {E ′ ∈ M | dimH i(X, E ′) ≤ hi, ∀i = 0 . . . n} ∩
⋂
i=0...n
V (Fhi−1(R
iν∗U)).
Remark 3.3. We observe that the support of the germ of the strata N (h0 . . . hn) at
E , defined in 3.2, coincide with a neighbourhood of E in set given in definition 3.1.
Infact, for the Theorem of Cohomology and Base Change (see [Hart], Theorem 12.11,
ch.III), we have Rnν∗U ⊗OM k(E
′) ∼= Hn(X, E ′), then the condition which defines Nn(E)
becomes dimHn(X, E ′) ≥ hn and the ones which define the intersection U ∩ Nn(E)
become dimHn(X, E ′) = hn and dimH
i(X, E ′) ≤ hi, for all i = 0 . . . n − 1. Applying
iterative the Theorem of Cohomology and Base Change, we obtain U ∩ N(E) = {E ′ ∈
M | dimH i(X, E ′) = hi, for i = 0 . . . n} as we want.
Now we prove the following:
Proposition 3.4. The germ of the strata N (h0 . . . hn) at E is the base space of a Ku-
ranishi family of deformations of E which preserve the dimensions of cohomology spaces.
Proof. Let F be a locally free sheaf of OT×X -module on T ×X which is a deformation
of the sheaf E over the analytic space T that preserve the dimensions of cohomology
spaces. If the morphism g : T → M such that (g × IdX)
∗U ∼= F
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assured by the universality of U , can be factorized as in the following diagram:
F ∼= (g × IdX)
∗U //

U

T ×X
g×IdX //
h×IdX **UU
UU
UU
UU
U M ×X
(N (h0 . . . hn) ∩M)×X,
i×IdX
OO
then F ∼= (g× IdX)
∗U ∼= (h× IdX)
∗(i× IdX)
∗U ∼= (h× IdX)
∗U|(N (h0...hn)∩M)×X and the
restriction of U to (N (h0 . . . hn) ∩M)×X satisfies the universal property.
Let’s analise the pullback via the map g of the sheaf of ideals Fk(R
iν∗U), for i = 0 . . . n,
which defines locally N (h0 . . . hn)∩M . Since Fitting ideals commute with base change,
for all i and k we have g∗(Fk(R
iν∗U)) = Fk(g
∗Riν∗U). Let’s consider the diagram:
F ∼= (g × IdX)
∗U //

U

T ×X
g×IdX //
µ

Im g ×X ⊂M ×X
ν

T
g // Im g ⊂M ;
using the Theorem of Cohomology and Base Change, since for all i = 0 . . . n the functions
E ′ ∈ Im g ⊂ M → hi(X, E ′) ∈ N are costant, we have Fk(g
∗Riν∗U) ∼= Fk(R
iµ∗(g ×
IdX)
∗U) ∼= Fk(R
iµ∗F), and since F is a deformation which preserves the dimensions
of cohomology spaces, the sheaves Riµ∗F are locally free and so the Fitting ideals
Fk(R
iµ∗F) are equal to zero. Then g
∗Fk(R
iν∗U) is equal to zero, as we want. 
In the following part of this section we study infinitesimal deformations of E that
preserve the dimensions of its cohomology spaces, explaining this condition and defining
precisely the deformation functor associated to this problem.
Definition 3.5. A deformation of the sheaf E on the manifold X parametrized by an
analytic space S with a fixed point s0 is the data of a locally free sheaf E
′ of (OX×S)-
modules on X × S and a morphism E ′ → E inducing an isomorphism between E ′|X×s0
and E.
Let π : X × S → S be the projection, then, for all s ∈ S, E ′|pi−1(s) = E
′|X×s = E
′
s is
a locally free sheaf on X and so it makes sense to calculate the cohomology spaces of
these sheaves, H i(E ′s).
By the Theorem of Cohomology and Base Change, the condition that, for all i ∈ N,
dimH i(E ′s) is costant when s varies in S, is equivalent to the condition that, for all i ∈ N,
the direct image Riπ∗E ′ is a locally free sheaf on S, and in this case we have that the
fibre Riπ∗E
′ ⊗ k(s) is isomorphic to H i(E ′s).
Definition 3.6. An infinitesimal deformation of the sheaf E on the manifold X over a
local artinian C-algebra A with residue field C is the data of a locally free sheaf EA of
(OX ⊗ A)-modules on X × SpecA and a morphism EA → E inducing an isomorphism
EA ⊗A C ∼= E.
In the case of an infinitesimal deformation EA, we can replace the condition that
the dimensions of the cohomology spaces are costant along the fibres of the projection
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π : X × SpecA→ SpecA, with the condition that the direct images Riπ∗EA are locally
free sheaves, and in this case we have isomorphisms Riπ∗EA ⊗ C ∼= H
i(E). We observe
also that H i(EA) ∼= R
iπ∗EA(SpecA).
Our aim is to study this type of infinitesimal deformations of the sheaf E on X and
the functor associated to them, defined in the following
Definition 3.7. Let Def0E : ArtC → Set be the covariant functor defined, for all A ∈
ArtC, by:
Def0E(A) =
{
EA
∣∣∣∣ EA is a deformation of the sheaf E over ARiπ∗EA is a locally free sheaf on SpecA for all i ∈ N
}
/ ∼ .
We note that, since N (h0 . . . hn) is a moduli space, the functor of deformations of
the sheaf E which preserve the dimensions of cohomology spaces is prorepresented by
N (h0 . . . hn).
To give now two equivalent interpretation of Def0E , which are useful in the following,
we start by defining a deformation of a C-vector space V over a local artinian C-algebra
A which is the data of a flat A-module VA, such that the projection onto the residue
field induces an isomorphism VA ⊗A C ∼= V . It is easy to see that every deformation of
a vector space V over A is trivial, i.e. it is isomorphic to V ⊗A.
If EA is an infinitesimal deformation of E over A, it belongs to Def
0
E(A), as defined in
(3.7), if and only if it is such that H i(EA) are free A-modules, that is the same as flat
A-modules since A is local artinian, and H i(EA)⊗A C ∼= H
i(E). Thus we have the two
following equivalent definitions for the functor Def0E :
Definition 3.8. The functor Def0E is defined, for all A ∈ ArtC, by:
Def0E(A) =
{
EA
∣∣∣∣ EA is a deformation of the sheaf E over AH i(EA) is a deformation of H i(E) over A for all i ∈ N
}
/ ∼ .
or equivalently by:
(1) Def0E(A) =
{
EA
∣∣∣∣ EA is a deformation of the sheaf E over AH i(EA) is isomorphic to H i(E)⊗A for all i ∈ N
}
/ ∼ .
4. Definition of Def0E using DGLAs
We are interested in the study of the functor Def0E and in this section we link it with
the theory of deformations via DGLAs.
We start with some reminds about this theory. Let L be a differential graded Lie
algebra (DGLA), then it is defined a deformation functor DefL : ArtC → Set canonically
associated to it (see [Man99], section 3).
Definition 4.1. For all (A,mA) ∈ ArtC, we define:
DefL(A) =
MCL(A)
∼gauge
,
where:
MCL(A) =
{
x ∈ L1 ⊗mA | dx+
1
2
[x, x] = 0
}
and the gauge action is the action of exp(L0 ⊗mA) on MCL(A), given by:
ea ∗ x = x+
+∞∑
n=0
([a,−])n
(n+ 1)!
([a, x] − da).
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We recall that the tangent and an obstruction space to the deformation functor DefL
are the first and the second cohomology spaces of the DGLA L, H1(L) and H2(L).
Moreover the deformation functor DefL is a functor with good deformation theory and,
if H1(L) is finite dimensional, it has a hull, but in general it is not prorepresentable.
If the functor of deformations of a geometrical object X is isomorphic to the deformation
functor associated to a DGLA L, then we say that L governs the deformations of X .
Let χ : L → M be a morphism of DGLAs which respects the DGLA structures
of L and M , then it is defined a deformation functor Defχ : ArtC → Set canonically
associated to it (see [Man07], section 2).
Definition 4.2. For all (A,mA) ∈ ArtC, we define:
Defχ(A) =
MCχ(A)
∼gauge
,
where:
MCχ(A) =
{
(x, ea) ∈ (L1 ⊗mA)× exp(M
0 ⊗mA) | dx+
1
2
[x, x] = 0, ea ∗ χ(x) = 0
}
and the gauge action is the action of exp(L0 ⊗ mA) × exp(dM
−1 ⊗ mA) on MCχ(A),
given by:
(el, edm) ∗ (x, ea) = (el ∗ x, edmeae−χ(l)).
To write the tangent space and an obstruction space of a deformation functor as-
sociated to a morphism of DGLAs, we start by recalling that, if χ : L → M is a
morphism of DGLAs, the suspension of the mapping cone of χ is defined to be the
complex Ciχ = L
i ⊕M i−1 with differential δ(l,m) = (dLl, χ(l)− dMm).
Then the tangent space to the functor Defχ is the first cohomology space of the sus-
pension of the mapping cone of the morphism χ, H1(Cχ), an obstruction space of Defχ is
the second cohomology space, H2(Cχ), and the obstruction theory for Defχ is complete.
Moreover Defχ is a functor with good deformation theory and, if H
1(Cχ) is finite di-
mensional, it has a hull, but in general it is not prorepresentable.
We also observe that every commutative diagram of differential graded Lie algebras
(2) L
f //
χ

H
η

M
f ′ // I
induces a morphism between the cones Cχ → Cη and a morphism of functors Defχ →
Defη, for which the following Inverse Function Theorem (see [Man07], Theorem 2.1)
holds:
Theorem 4.3. If the diagram (2) induces a quasi isomorphism between the cones Cη →
Cχ, then the induced morphism of functor Defχ → Defη is an isomorphim.
Now we return to our situation, so let X be a compact complex Ka¨hler manifold of
dimension n and let E be a stable and flat locally free sheaf of OX -modules on X, with
dimH i(X, E) = hi, for all i = 0 . . . n.
Let A
(0,∗)
X (End E) be the DGLA of the (0, ∗)-forms on X with values in the sheaf of
the endomorphisms of E . It can be proved the following result (see [F], Theorem 1.1.1):
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Proposition 4.4. The deformation functor Def
A
(0,∗)
X
(End E)
is isomorphic to the functor
of deformations of the sheaf E, DefE . The isomorphism is given, for all A ∈ ArtC, by
Def
A
(0,∗)
X
(End E)
(A) −→ DefE(A)
x −→ ker(∂¯ + x)
Let (A
(0,∗)
X (E), ∂¯) be the complex of the (0, ∗)-forms on X with values in the sheaf E
with the Dolbeault differential and let Hom∗(A
(0,∗)
X (E), A
(0,∗)
X (E)) be the DGLA of the
homomorphisms of this complex.
We recall that a deformation of a complex of vector spaces (V i, d) over a local artinian
C-algebra A with residue field C is a complex of A-modules of the form (V i⊗A, dA), such
that the projection onto the residue field induces an isomorphism between (V i ⊗A, dA)
and (V i, d).
It is easy to prove the following result (see [Man05], pages 3-4):
Proposition 4.5. The deformation functor Def
Hom∗(A
(0,∗)
X
(E),A
(0,∗)
X
(E))
is isomorphic to
the functor of deformations of the complex (A
(0,∗)
X (E), ∂¯), Def(A(0,∗)
X
(E),∂¯)
. The isomor-
phism is given, for all A ∈ ArtC, by:
Def
Hom∗(A
(0,∗)
X
(E),A
(0,∗)
X
(E))
(A) −→ Def
(A
(0,∗)
X
(E),∂¯)
(A)
x −→ (A
(0,∗)
X (E) ⊗A, ∂¯ + x).
Let χ : A
(0,∗)
X (End E)→ Hom
∗(A
(0,∗)
X (E), A
(0,∗)
X (E)) be the natural inclusion of DGLAs
and let Defχ be the deformation functor associated to χ. Let (x, e
a) ∈ MCχ(A), for A ∈
ArtC. Since x ∈ A
(0,1)
X (End E)⊗mA satisfies the Maurer-Cartan equation, it gives a de-
formation EA = ker(∂¯+x) of E over A. While e
a ∈ exp(Hom0(A
(0,∗)
X (E), A
(0,∗)
X (E))⊗mA)
gives a gauge equivalence between χ(x) = x and zero in the DGLA Hom∗(A
(0,∗)
X (E), A
(0,∗)
X (E)).
Thus ea is an isomorphism between the two correspondent deformations of the com-
plex (A
(0,∗)
X (E), ∂¯) or equivalently e
a is an isomorphism between the cohomology spaces
H i(EA) and H
i(E)⊗A, for all i ∈ N. Thus:
Defχ(A) =
{
(EA, f
i
A)
∣∣∣∣ EA is a deformation of the sheaf E over Af iA is the isomorphism f iA : H i(EA)→ H i(E)⊗A for all i ∈ N
}
.
Now let Φ be the morphism of functors given, for all A ∈ ArtC, by:
Φ : Defχ(A) −→ DefA(0,∗)
X
(End E)
(A)
(x, ea) −→ x
With the above geometric interpretations of the functors Defχ and DefA(0,∗)
X
(End E)
(A),
the morphism Φ is the one which associates to every pair (EA, f
i
A) ∈ Defχ(A) the element
EA ∈ DefA(0,∗)
X
(End E)
(A). Thus we have the following characterization of Def0E using
DGLAs point of view (see [Man07], Lemma 4.1).
Proposition 4.6. The subfunctor Def0E is isomorphic to the image of the morphism
Φ : Defχ → DefA(0,∗)
X
(End E)
.
5. Proof of the Main Theorem
This section is devoted to the proof of the Main Theorem. With the above notations
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Theorem 5.1 (Main Theorem). The Brill-Noether strata N (h0 . . . hn) have quadratic
algebraic singularities.
Proof. The local study of the strata N (h0 . . . hn) at one of its point E , corresponds to
the study of a germ of analytic space which prorepresents the functor Def0E . Our proof
is divided into four steps in which we find out a chain of functors, linked each other
by smooth morphisms, from the functor Def0E to a deformation functor for which it is
known that the germ of analytic space that prorepresents it has quadratic algebraic
singularities. Then, we conclude, using properties proved in section 2.
First Step. We prove that the morphism Φ : Defχ → Def
0
E is smooth. Then, given a
principal extension in ArtC, 0→ J → B
α
→ A→ 0, and an element (EA, f
i
A) ∈ Defχ(A),
we have to prove that, if its image EA ∈ Def
0
E(A) has a lifting EB ∈ Def
0
E(B), it has a
lifting in Defχ(B).
Since EA ∈ Def
0
E(A) and EB ∈ Def
0
E(B), their cohomology spaces are deformations of
H i(E) over A and B respectively and so H i(EA) ∼= H
i(E)⊗A and H i(EB) ∼= H
i(E)⊗B.
Thus H i(EB) is a lifting of H
i(EA) and it is a polynomial algebra over B. It follows that
in the diagram
H i(EB) //
f iB
**UU
UU
UU
UU
UU
H i(EA)
f i
A // H i(E)⊗A
B
OO
// H i(E)⊗B
β=Id⊗α
OOOO
there exists a homomorphism f iB : H
i(EB) → H
i(E) ⊗ B, which lifts f iA. Then also the
following diagram commutes:
H i(E)
H i(E)⊗B
__?????
H i(EB)
?? f iB //
B
??
__??????
and so f iB is an isomorphism, for all i ∈ N.
Second Step. Since X is a Ka¨hler manifold and E is a hermitian sheaf, the operators ∂¯∗E ,
adjoint of ∂¯E , and the Laplacian E = ∂¯E ∂¯
∗
E + ∂¯
∗
E ∂¯E can be defined between forms on
X with values in the sheaf E . Let H
(0,∗)
X (E) = kerE be the complex of (0, ∗)-harmonic
forms on X with values in E and let Hom∗(H
(0,∗)
X (E),H
(0,∗)
X (E)) be the formal DGLA of
the homomorphisms of this complex.
Also for the sheaf End E the operator ∂¯∗End E , adjoint of ∂¯End E , and the Laplacian
End E = ∂¯End E ∂¯
∗
End E + ∂¯
∗
End E ∂¯End E can be defined. Let H
0,∗
X (End E) = kerEnd E be
the complex of the (0, ∗)-harmonic forms on X with values in End E .
Siu proved (see [Siu]) that, for a flat holomorphic vector bundleL on a Ka¨hler manifold
X, the two Laplacian operators L and L coincide. Then a (0, ∗)-form onX with values
in L is harmonic if and only if it anhilates ∂, which is well defined because L is flat.
Since End E is flat, these facts imply that the complex H0,∗X (End E) is a DGLA with
bracket given by the wedge product on forms and the composition of endomorphisms.
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Moreover, we can define a morphism Ω : H
(0,∗)
X (End E)→ Hom
∗(H
(0,∗)
X (E),H
(0,∗)
X (E)).
Every element x ∈ A
(0,∗)
X (End E) gives naturally an homomorphism Ω(x) from A
(0,∗)
X (E)
in itself, defined locally to be the wedge product between forms and the action of the
endomorphism on the elements of E . If we defined it on an open cover of X on which
both the sheaves E and End E have costant transition functions, when x ∈ H
(0,∗)
X (End E)
and Ω(x) is restricted to the harmonic forms H
(0,∗)
X (E), it gives as a result an harmonic
form. Let Ω : H
(0,∗)
X (End E)→ Hom
∗(H
(0,∗)
X (E),H
(0,∗)
X (E)) be the DGLAs morphism just
defined and let DefΩ be the deformation functor associated to it.
We want to prove that the two functors DefΩ and Defχ are isomorphic. Then we
consider the following commutative diagram:
A
(0,∗)
X (End E)
χ

H
(0,∗)
X (End E)
η

αoo γ // H
(0,∗)
X (End E)
Ω

Hom∗(A
(0,∗)
X (E), A
(0,∗)
X (E)) M
∗
βoo δ // Hom∗(H
(0,∗)
X (E),H
(0,∗)
X (E))
where M∗ =
{
ϕ ∈ Hom∗(A
(0,∗)
X (E), A
(0,∗)
X (E)) | ϕ(H
(0,∗)
X (E)) ⊆ H
(0,∗)
X (E)
}
.
The morphism β is a quasiisomorphism, infact it is injective and coker β = Hom∗(A
(0,∗)
X (E), A
(0,∗)
X (E))/M
∗
∼= Hom∗(A
(0,∗)
X (E), A
(0,∗)
X (E)/H
(0,∗)
X (E)) is an acyclic complex. Then α and β induce a
quasiisomorphism between the cones Cη → Cχ and so, by the Inverse Function Theo-
rem (Theorem 4.3), an isomorphism between the functors Defη → Defχ.
Also the morphism δ is a quasiisomorphism, infact it is surjective and its kernel
is ker δ =
{
ϕ ∈ Hom∗(A
(0,∗)
X (E), A
(0,∗)
X (E)) | ϕ(H
(0,∗)
X (E)) = 0
}
that isomorphic to the
acyclic complex Hom∗(A
(0,∗)
X (E)/H
(0,∗)
X (E), A
(0,∗)
X (E)). Then γ and δ induce a quasiiso-
morphism between the cones Cη → CΩ and so an isomorphism between the functors
Defη → DefΩ.
Third Step. Let H˜X(End E) be the DGLA equal to zero in zero degree and equal to
H
(0,∗)
X (End E) in positive degrees, with zero differential and bracket given by wedge
product on forms and composition of endomorphisms.
Let Ω˜ : H˜
(0,∗)
X (End E)→ Hom
∗(H
(0,∗)
X (E),H
(0,∗)
X (E)) be the DGLAs morphism defined as
in the previous step and let Def Ω˜ be the deformation functor associated to it.
The inclusion H˜X(End E) →֒ HX(End E) and the identity on Hom(H
(0,∗)
X (E),H
(0,∗)
X (E))
induce a morphism of functors Ψ : DefΩ˜ → DefΩ.
We note that the morphism induced by Ψ between the cohomology spaces of cones of
Ω and Ω˜ respectively is bijective in degree greater equal than 2 and it is surjective in
degree 1. Thus, using the Standard Smootheness Criterion (Theorem 2.11), we conclude
that Ψ is smooth.
Fourth Step. Let’s write explicitly Def Ω˜. The functor MCΩ˜, for all A ∈ ArtC, is given
by:
MCΩ˜(A) =
{
(x, ea) ∈ (L1 ⊗mA)× exp(M
0 ⊗mA) | dx+
1
2
[x, x] = 0, ea ∗ Ω˜(x) = 0
}
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where L∗ = H˜
(0,∗)
X (End E) and M
∗ = Hom∗(H
(0,∗)
X (E),H
(0,∗)
X (E)). Since the differential
in the DGLA H˜
(0,∗)
X (End E) is zero and since the equation e
a ∗ Ω˜(x) = 0 can be written
as Ω˜(x) = e−a ∗ 0 = 0, we obtain, for all A ∈ ArtC:
MCΩ˜(A) =
{
x ∈ ker Ω˜⊗mA | [x, x] = 0
}
× exp(Hom0(H
(0,∗)
X (E),H
(0,∗)
X (E))⊗mA).
Moreover exp(H˜
(0,0)
X (End E) ⊗ mA) × exp(dHom
−1(H
(0,∗)
X (E),H
(0,∗)
X (E)) ⊗ mA) is equal
to zero, thus there isn’t gauge action. Thus, for all A ∈ ArtC, we have:
DefΩ˜(A) =
{
x ∈ ker Ω˜⊗mA | [x, x] = 0
}
× exp(Hom0(H
(0,∗)
X (E),H
(0,∗)
X (E))⊗mA).
Since Ω˜ is a DGLAs morphism, ker Ω˜ is a DGLA and it is defined the deformation
functor Defker Ω˜ associated to it. Now, for all A ∈ ArtC, we obtain:
Def Ω˜(A) = Defker Ω˜(A)× exp(Hom
0(H
(0,∗)
X (E),H
(0,∗)
X (E)) ⊗mA).
The DGLA ker Ω˜ has zero differential, so the functor Defker Ω˜ is prorepresented by the
germ in zero of the quadratic cone (see [G-M90], Theorem 5.3):
X = {x ∈ ker1 Ω˜ | [x, x] = 0},
that has quadratic algebraic singularities. Then also the functor Def Ω˜ is prorepresented
by a germ of analytic space with quadratic algebraic singularities.
Conclusion. Since now we have constructed smooth morphisms between the functor
Def0E and the functor DefΩ˜:
Def0E Defχ
smoothoo oo
∼=
isomorphism
// DefΩ DefΩ˜ .
smoothoo
By Proposition 2.14, there exists a smooth morphism between the germs of analytic
spaces which are hulls of the two functors Def0E and DefΩ˜. Moreover, by Theorem 2.16,
since the germ which is a hull of Def Ω˜ has quadratic algebraic singularities, the same is
true for the hull of Def0E . 
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